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Identification of nonlinear processes in the presence of noise corrupted and correlated multiple scheduling variables
with missing data is concerned. The dynamics of the hidden scheduling variables are represented by a state-space model
with unknown parameters. To assure generality, it is assumed that the multiple correlated scheduling variables are cor-
rupted with unknown disturbances and the identification dataset is incomplete with missing data. A multiple model
approach is proposed to formulate the identification problem of nonlinear systems under the framework of the
expectation-maximization algorithm. The parameters of the local process models and scheduling variable models as
well as the hyperparameters of the weighting function are simultaneously estimated. The particle smoothing technique is
adopted to handle the computation of expectation functions. The efficiency of the proposed method is demonstrated
through several simulated examples. Through an experimental study on a pilot-scale multitank system, the practical
advantages are further illustrated. © 2015 American Institute of Chemical Engineers AICRE J, 61: 3270-3287, 2015
Keywords: nonlinear system identification, multiple models, expectation maximization algorithm, particle smoother,
missing observations, multiple scheduling variables

Introduction points are used to compose these operating trajectories.' Con-
ventional single-model-based modeling techniques cannot suf-
ficiently capture the underlying dynamics of such process
systems. To overcome the shortcomings of the conventional
techniques, researchers have developed various multiple mod-
eling strategies.”™

Gopaluni® represented nonlinear processes through combin-
ing several radial basis functions (RBFs), and the parameters
of the RBFs are estimated using the expectation-maximization
(EM) algorithm. Jin et al." proposed an approach to construct
a global model, and they synthesized multiple local models
with transient data and estimated the parameters using the EM

Some real-life systems may be represented by linear mod-
els. In many cases, however, nonlinear models are required to
approximate the dynamic behavior of the system under inves-
tigation. Due to the unique challenges of the complex stochas-
tic nonlinear process systems, identification of nonlinear
dynamic models in process industries has long attracted
research interest.

Industrial processes are often operated along certain fixed
operating trajectories, and several predetermined operating

Correspondence concerning this article should be addressed to B. Huang at algorithm with consideration of a single scheduling variable
biao.huang@ualberta.ca. 7 . . . . . ’
Huang et al.” studied the nonlinear system identification prob-

© 2015 American Institute of Chemical Engineers lem with two noise-free scheduling variables. In their study,
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different weighting functions such as linear, Gaussian, and
polynomial were used and results were compared. Our earlier
work®® considered nonlinear identification problem with
either single scheduling variable of known dynamics or multi-
ple but exactly known scheduling variables under the EM
framework.

However, in industrial settings, multiple scheduling varia-
bles often exist and may not be directly measured, which are
correlated with each other and corrupted with unknown distur-
bances. Furthermore, the scheduling variables are hidden hav-
ing unknown parameters of their own dynamics and may
encounter missing observations. In this work, we consider the
general cases in which the multiple and correlated scheduling
variables are not measured directly, dynamics of the true
scheduling variables are represented by an unknown stochastic
state-space model, and the observed scheduling variables have
missing data. Thus, the problem to be solved in this article
consists of four components: (1) estimating the parameters of
all the local ARX models and associate weighting function;
(2) estimating the parameters of the state-space model of the
hidden scheduling variables; (3) recovering the true schedul-
ing variables for identifying the weighting function; and (4)
handling missing data.

We use multiple auto regressive exogenous (ARX) models
to approximate the local dynamics of nonlinear processes. The
information contained in the noisy measurements that are
related to the scheduling variables through the unknown
dynamics are extracted to simultaneously identify different
process operating conditions along with the corresponding
local ARX models. A normalized weighting function is used
to combine all the local ARX models and, consequently,
obtain a global representation of the nonlinear process. Here,
the weighting function is viewed as the probability associated
with each of the local ARX models capturing the underlying
dynamics.l’5 10 The weighting function used in this work not
only is a function of the hidden scheduling variables, but also
contains unknown parameters.

EM algorithm is used to formulate and solve the aforemen-
tioned problems. In the proposed EM framework, the parame-
ters of the local process models and scheduling variable
models as well as the hyperparameters of the weighting func-
tion are simultaneously estimated. To estimate the parameters
of all the local models, a closed form update rule is derived.
Besides, the hyperparameters of the weighting function and
the parameters of the state-space model of the scheduling vari-
ables are estimated by solving optimization problems. The
efficacy of the proposed identification method is demonstrated
on several simulation examples, including cases of linear and
nonlinear hidden scheduling variables. Finally, the practicality
of the method in real-life applications is illustrated through a
pilot-scale experiment.

The remainder of this article is organized as follows: the sec-
ond section discusses a multitank system as the motivation
example. The third section presents the problem formulation.
The fourth section starts from a brief review of the EM algo-
rithm; this section is followed by formulating and solving the
identification problem under the EM algorithm and the details of
the derivations are also presented. The next section verifies the
proposed method through several simulation examples consider-
ing both linear and nonlinear dynamics of the hidden scheduling
variables with various percentage of missing observations. The
experimental section presents the experiment conducted on a
pilot-scale multitank system and renders verification results.
Finally, concluding remarks are given for this article.
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Figure 1. Schematic diagram of the multitank system.
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Motivations

An illustrative example is presented in this section to moti-
vate the problem to be addressed in this article. Consider a
multiple tank system shown in Figure 1. There are three sepa-
rate tanks, and each tank fitted with drain valves. In the base
of the set-up, there is another tank as a reservoir for the sys-
tem. The three tanks have different cross sections: constant,
conical, and spherical. The nonlinearity of the system is a
result of these variable cross sections. A variable speed pump
is used to fill the upper tank. The water flows out of the three
tanks by gravity, and the valves resist the water flow. The
opening percentage of the valves can be controlled and used to
vary the outflow characteristic. Each tank is equipped with a
level sensor that operates on the basis of hydraulic pressure
measurement.

A nonlinear model can be derived to describe the relations
between the change in inflow ¢ and the second tank level H,,
and two controlled valves V; and V, are the two correlated
scheduling variables operating at miscellaneous steady states.
Note that the true scheduling variables z; are unknown, but
can be inferred through other noisy measurements wy, and the
setpoint of the valve controllers, denoted by ui is varied to
reach the desired operating point. Let the inflow be the manip-
ulated input u, to the process, and let the second tank level be
the process output y;. The dynamics of the multiple tank sys-
tem in Figure 1 or that of any other complex dynamical system
can be described by the following model structure®

h(ékvck7yk>uk7zk7wkaM;<7T7k7€k) =0 (1)
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where y, € % CR and ¢, € ¥ C R for k € N are the mea-
surement and state, respectively; u; € % C R™ is the nonlinear
process input; zx = {z},27,...,2,} € Z C R’ and wy = {w},
w%, ...,wi} € W C R’ are the hidden multivariate scheduling
variables and observations related to the hidden scheduling
variables through unknown dynamics; €, € R is the process
noise; u}< cu C R? is the source that drives the scheduling
variables. /(-) is an unknown nonlinear mapping function.
Define T}, = {T},T5,...,T5} as A nominal operating points
of the xth scheduling variable, where the superscript repre-
sents the kth scheduling variable, and the subscript represents
J. different operating points. T = {T}, My 72 My T} 18
the collection of nominal operating points for all s different
scheduling variables. Although z; in Eq. 1 is hidden, it is
related to an observation wy, and the dynamics of z; can be
represented using the following state-space model

Zk :fef(zk*l:u;—p’ykfl) (23-)
wi = g0, (2x, Uy, Vi) (2b)

where fj.(-) and gy, (-) are s-dimensional state and output map-
ping functions which can be either linear or nonlinear, and the
structure of fy, (-) and gg, (-) are given but parameterized by a
set of unknown parameters, 0. = {0y, 0, }. Moreover, y; and v,
are mutually independent Gaussian noise terms represented by
a probability distribution function p,(-) and p,(-), respectively.
Due to the stochastic nature of Eq. 2, random variables of
interest can be represented as follows

Zy = z0 ~ po,(0) (3)
Zi|(Zi—1 = zk—1) ~ po, (-zi-1) 4
Wil (Zk = zk) ~ po, (-|zk) ()

where u is dispensed in Eqs. 4 and 5 for brevity as it is a
known input.

For any generic sequence, iz, let ;. = {);, %i+1,---» %} With
%i;j = 0 for i > j. The historical data for scheduling variables are
denoted by winy = {Wobs, Wmis }» Where Winis = {Wp,, Winys -« -
Wy, } s the missing data, hereinafter denoted as Wi, ., , and Wops
= {Wop,, Woy, ..., W,, } is the observed data, hereinafter denoted
as Wo,.o, - 1t is assumed that we have the historical data for input
and output variables, {u;.y, y1.v }, as well as the operating points
of the scheduling variables, T, shown in Eq. 1. It is also assumed
that the dataset {u 1.y, W,,.0, } is given. Then, Cops = {y1.v, U1n,
u 1:Ns Wo, 0, T } can represent the observed dataset.

Problem Formulation

Nonlinear dynamics in different operating conditions is rep-
resented by concatenating among the multiple local models.
The local dynamics of Eq. 1 are approximated using ARX mod-
els. Ljung'' has justified that any linear dynamics may be
approximated using ARX models. The ARX model is given by

T

i = 0 xc+ex (6)

where ¢, € R is a zero mean Gaussian white noise, and the var-

iance o2 is unknown; x; € 2 C R" is the regressor expressed as
T 4T

eyl (D

where n, and n,;, are the orders of the process output and input
polynomial, respectively, such that n = n,+mny,. Here, it is
assumed that i, = 0, y, = 0 for £ < 0. I, represents the identity

A T T
= Yk 15 Yk=25 s Vhmngs Ug— s Ug—py - - -
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of the local model at sampling time %, and is a hidden variable,
so that ®;, = {0,,0} are the local model parameters to be
estimated. Let Iy = (m1 , My, ..., my) represent the local model
identity at wk = T T,zrl27 ...,w; =T, operating points,
where l’)’hf{l 2 M[},ﬂ’lz:{l,z, ...7M2},..., ms =
{1,2,...,M;}. For notational simplicity, we use [ =7 to
denote the local model in the remainder of this article.

Let M,,M;,...,M; operating points be equipped with .#
local ARX models where .# = M;XM,X --- XM, such that

YielXi = xi, [k = ) ~ po,(-|xx), forall 1 <n<.# (8)

Within a relatively small region around each of the operat-
ing points, the local process dynamics can be approximated by
an identified local model. Given all the past information, the
probability of the observed output y, can be determined from
the law of total probability as

!
Po(Vk|Y1a—1, Ca, Ut Zosk, Wieks U 14, T)

= Zl 22: ZP@ Y Ik = 7| 9)

my=1m= my=1

Vik=15Cliks Uliky Z0:ky Wik, U 1:k,T)

M, M,
= Ok PO }’k|y1k 15
; 1 n; mz—l (9b)

Clits U1k 20k Wik U 165 Ty Iy = T0)
M, M

= Z Z Z ok zPo, (Vi |Xk) 9c)

my=1m= mg=1

where © is the unknown parameters to be estimated, and we have
employed the chain rule of probability to Eq. 9a. Note 7 is a value
reflecting various combinations of m;, ..., m. Here, oy » = Pre(
I, = n|y1;k_1,c1:k,u1:k,zojk,wljk,ulljk,T) is the probability that
I = mth local ARX model takes effect at sampling time .

To make a distinction of the probability between the dis-
crete and continuous random variables, Pr(-) is used to repre-
sent a discrete probability distribution, and p(-) is used to
represent a probability density function (PDF).

Equation 8 states that given the identity of the local model
I, y;, becomes independent of ¢y, Zox, Wi, W14, and T.
That is, pe (V[Y1:—1, Cla, U1, Zos, Wik, 1, T Iy = m) in Eq.
9b can be simplified as pe_(yi|x¢) in deriving Eq. 9c. Further-
more, we assume that the identity of local model /; can be
directly inferred from z; and T. Thus, o, can be simplified as
PI'@)(Ik = 7t|Zk,T).

In this article, a normalized weighting function of @y, is
employed to model oy , as

= Pro(ly = |z, T) (10a)
Wi,
= m (10b)
IBDIED LA
my=1my= mg=1

where, z}, 22, ..., z} are correlated with each other such that

_Tl T Tl
my mp
1 -7 B -7
Dix = exp |~ B o (11)
-1, 5 =Ty,

s
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where X is a symmetric covariance matrix

o1 012 -+ Olg

021 022 -+ Oy
Y= (12)

Os51  Os2 Os.s
; U PN} ij 0
with 0ij = {01.1,....17 .., 0 oM1 Mo M } co

€ RMIXRM2x ... W m\}sm being the valid-
ity width of the /; = wth local model, o, is bounded between
Omin (the lower bound) and o,,,x (the upper bound), and the
parameters for the weighting function that need to be esti-
mated is O = [0x]y; scar, ... x. -

Due to the stochastic nature of Eq. 10a, random variables of
interest can be represented as

I|(Zk = 2k, T) ~ Pro(-|z, T) (13)

Since at each sampling time k, I, and z; are hidden varia-
bles, then Cpis = {I1.v,Zo.N, Wmum,} can be denoted as the

missing dataset, {Cobs,Cm,g} is the complete dataset, and ©
={0,,0,0.} = Um1 1UMZ Z:zl{ﬁn,a, 07,0} are the

my=1"
parameters to be estimated.

The estimated global model can thus be expressed as

M, M,
Z Z Z % (14)
=1 my= my=1

where y; is the estimated output of the nth local ARX model
(the conditional mean of each local output) at time k.

Estimating the parameter set O is the main problem to be
addressed in this article, and C,s and the function forms of
Eq. 2a are given. To solve this problem, we resort to the EM
algorithm.

Formulation of the Multiple Model Approach
Based on the EM Algorithm

The EM algorithm was first proposed by Dempster for
maximum-likelihood estimation, where the likelihood function
involves hidden variables or missing observations.'> After
given some initial guess of the parameters, the EM algorithm
iterates between two steps: the expectation step (E-step) and
the maximization step (M-step). In the E-step, the O-function
is the expectation of the log likelihood function for the com-
plete dataset {Cops, Cmis}, and the expectation is computed
with respect to Cy,;s given the observed data C,,s and the cur-
rent parameter estimates ®’. In the M-step, parameter esti-
mates are updated through maximizing the Q-function. The
E-step and the M-step are iteratively repeated until the param-
eter estimates converge.

The EM algorithm can be summarized as follows'

1. Initialization: Give some initial guess of the parameters

for @',

3

0@l - |

LN 20N Winyma fo=

+J Z10gPr0(1k|Zk7T)P@'(llzN,ZO:MWml:mu
DN 20N Winy ima

k=1
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2. E-step: Use the current parameter @' to evaluate the
approximated Q-function

0(0[0@") = E¢,, (.0 {10800 (Cobs, Cmis)}  (15)

3. M-step: Obtain the new iterative parameter through
maximizing the Q-function

0O = argmax Q(0©|©’) (16)
)

and then set @ = ©.
4. Iterate: Evaluate the relative change of the estimated
parameters

0-0

0= HTH (17)

If 0 is larger than a predetermined tolerance, then repeat
step 2 and step 3.

There are several different categories of stopping criteria for
terminating the EM algorithm.'* EM algorithm can converge to
a stationary point under certain regularity conditions.'?

Formulation of the multiple model approach under the
EM algorithm

The input sequence of the scheduling variables u,y is con-
sidered to be known and, consequently, does not play a role in
the following derivations. Hereinafter, i}, is omitted from the
PDFs for notation simplicity.

From the chain rule of probability, the complete likelihood
function pe(Cops, Cmis) can be decomposed as

Pe (CobSa Cmis)

= P@()’]:N, uyn,win, T, I, ZO:N)

=po (YN, Ut:N, Wiymgs Ty in, 20N, Woo,)
(18a)
= po(yin|uin, win, T, I1n, Zon)
Pro (Ln|uin, win, T, zo.n)
po(winlurn, T, zo.n)
-po(zon|uy, T)
po(un,T) (18b)

Applying the chain rule of probability, following the first-
order Markov property, and taking into account the assump-
tions of y;.; = 0 for i >j and y, = 0 for k <0, Eq. 18b can be
simplified as

HP@,A (viae) HPTO (Iilze, T)
N

: HPH:(Wk‘Zk H
[}

p@ 0b57 mls

(zklzi—1) - po.(20) - Ci

19)

The detailed derivation of Eq. 19 is given in Appendix A.
Thus, the Q-function in the E-step shown in Eq. 15 can be
determined as

Z logp®lk (Yk|xk)l7@/ (Il Ny ZO:N s Wiy :my, |Cobs)dz() Ndll Ndwm| my

Cobs ) dzo.ndln dWml My
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N
+ Z lOgPQ: (Wk |Zk)p@)’ (11:N7 Z0:N sy Wmy:my, Cobs)dZO:NdllszWml My

I NSZON Wy mg k=1
N

+ Z log po. (zk|zk-1)per (L1:ns 203, Wiy, | Cobs )dzondl1:n AWy, m,
LN 20:N Wingimg k=1 (20)

+ logpﬂz (ZO)pG’ (II Ny ZO:N» Wm] My |Cobs)dZO:NdIl :Ndwm] My

SN 20N Wiy g

+ log Ci - per (I1:n5 Z0:N s Winym, | Cobs ) AZon Al 1N AW, m,

DN 20N Winy ma

The detailed derivation of Eq. 20 is given in Appendix B. Since the integrands in the first two terms of Eq. 20 are only a func-
tion of /; and z;, the multidimensional integrals with respect to pey (I1:55 Z0:Ns Winy:m, | Cobs) can be simplified and rewritten as®

N
J > "log pe,, (yilxi)Prey (Itlzi Covs ey (24| Cobs )dzidl
T2k k=1

21

N
+ J > " logPro(Iklzi, T)Prey (Itlzk, Cobs )Per (2| Cobs ) dzidl
Iz =1

where pey (I, zi|Cops) is decomposed as Prgy (I¢|zi, Cobs)Per (2k| Cobs)-
Since the local model identity I; is a discrete random variable, Eq. 21 can be further expressed as

s

N MM,
J DD - logpe, (velu)Prer (I = mlzt, Cons)per (k] Cons )z

Zk k=1m =1 my=1
(22)

M,

N M s
+ L ZZ . Z log Pr,, (Ix = m|zx, T)Prey (It = m|zx, Cobs)Per (2k|Cobs ) dzk

kk=1m;=1 my=1
As wy has two subsets of observed data w,, .,, and missing data wy, .»,,, the third term in Eq. 20 can be further expressed as

N
J Z logp(): (Wk|Zk)P®’ (Il:Na Z0:Ny Wmy:m, |C0bs)dZO:Ndll:NdWm| my
1

LN SZ0:N sWmy img k=1

o
= J Z log po. (Wi |zk)Per (Li:n s Zoav , Winy om, | Cobs ) AZoN AT 1-N AW, o,
!

LN SZON Wy ima k=0,

Mg
+ J Z log po. (Wi |zk)per (11N Zov , Winy :my | Cobs ) AZoN AT 1:N AW, m, (23a)
i

LN SZ0N Wiy ima k=m

op
= | > togpu (nlzt)pes (lCune)de
Zkk=0,

(23b)
my
+ J >~ 1og po. (wilze)per (2, we| Cavs ) dzidwi

KWk k=m,

As the integrand in the fourth term of Eq. 20 is a function of z;—; and z;, the multidimensional integral with respect to pg (I1.y,
Cobs) can be simplified and written as

ZO:Ns Wmy:m,

N
J Z log po. (zk|zi—1)Per (Zks Zk—1]|Cobs ) dzidzi 1 (24)

ZksZk—1 k=1
Finally, the last term in Eq. 20 can be simplified and written as
J log po. (z0)per (20| Cobs )dzo (25)
2
Substituting Eqs. 22, 23b, 24, and 25 into Eq. 20, yields
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N M,

0(0)®) :j ZZ
Zk k=1m = my=1
N M,

my=1

+ | logpo.(z0)per (20| Covs)dzo + C2

Z0
where C, = III:N,ZO;N,WWM log Cy - pey (11N 20N s Wanyom, | Cobs)
dzondl.NAWp,.m,. The detailed derivation is given in Appen-
dix C.

Now to compute the Q-function in Eq. 26, the probability
mass and density functions that need to be evaluated are as
following:

L pe, (vlxe);

. Pr, (It = n|z, T);
- Po.(Welze);
. pH:(Zk‘Zkfl);
. Prey(Ix = 7|2k, Cons)s
. Pe'(Zk|Cobs), when measurements of the observed
scheduling variables are available at time instant k, that
1S, W € Wops With Wobs = Wy, 20,3
7. per (2, wk|Cobs), When measurements of the observed
scheduling variables are missing at time instant k, that
1S, Wr € Wnis With Wiis = Wy um, s

8. p@,/(zk,zk71|Cobs).

As Gaussian white noise has been assumed for the ARX
model in Eq. 6, the likelihood function pe, (y|xx) is a Gaus-
sian PDF and can be expressed as

AN AW

0.5

041

0.3F

0.2F

01F

100 200 300 400 500
Time

(a) The input data of the nonlinear process

M
-~ logpe, (el )Prey (I =

+ Z log po. (Welze)per (2k|Cobs )dzi

7|2, Cops )Pe (2 |Cops ) dzi

Z log Pr,_(I; = m|z, T)Prey (It = 7|2k, Cobs)Per (2| Cobs )dzi

(26)
My
+| > logpo. (wilzt)per (2, We|Cons)dzedwy
ZkWhk k=m
N
+ > " log po. (24 |zk-1)per (24, Zk—1|Cobs)dziddzi 1
Jzpzi1 =1

-1
exp5— (e —0rx)" (v —

53 0lx)  (@27)

1
pe, (Vi) = f

Similarly, for the state-space model of the scheduling varia-
bles, the state transition PDF of the hidden scheduling varia-
bles, py.(z¢|zx—1), and the PDF of the observed scheduling
variables, pg. (wi|zx), both are Gaussian.

Given z;, Cops and the current parameter estimate @', the
posterior probability of the /; = nth local model taking effect
at sampling instant £ can be derived using the Bayes’ rule

Pr@’(lk = T[‘Zlmcobs) =

Per (Velxi)Pro, (Ix = m|z., T) (28)
i,
Zml . 'ZMSZIPG;()’k|xk)Pro;(Ik = 7|z, T)

where @;I and o/, are the current parameter estimates. The
detailed derivation of Eq. 28 is given in Appendix C. Given z,
T, and the validity width of the I; = nth local model, the con-
ditional probability of the /; = nth local model taking effect at
sampling instant &, Pr,_(I; = 7|z, T), can be calculated using
Eq. 10.

200 300 400 500
Time

(b) The output data of the nonlinear process

Figure 2. The simulated data of the nonlinear process (numerical example).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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0 100 200 300 400 500
Time

(a) The input data of the scheduling variables

Scheduling variable 1

0 100 200 300 400 500

Scheduling variable 2

0 100 200 300 400 500

(b) The observed scheduling variables

Figure 3. The input and observed data of the scheduling variables with 10% missing measurements (numerical

example).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

The density function pg (z¢|Cobs) can be simplified as
Po (2k|Woy:0, ), Where py (zk|Wo,.0,) is a smoothing density func-
tion, and 9/2 is the current parameter estimates of the state-
space model of the scheduling variables. As the computation
of the integrals in Eq. 26 is analytically intractable, to obtain
numerical solutions, the use of Sequential Monte-Carlo
(SMC) methods is necessary. The general idea behind the
SMC methods is a set of random samples associated with
weights to approximate the distributions of interest, and the
random samples are propagated forward through sequential
importance sampling and resampling steps. Following the
procedure used in Gopaluni'®'” to apply the SMC method,
the smoothing density function py (zx|w,,.,,) can be numeri-
cally calculated as )

o(zx— zk 29)

I\Pﬂh1

Dy (26Woy:0)

where 4(-) is a dirac-delta function, z} represent the /th hidden
scheduling variable particle, and L is the number of particles.
The detailed derivation is shown in Appendix D.

The joint PDF of the hidden and observed scheduling varia-
bles pe (zx, wi|Cobs) can be simplified as py (zx, Wi |[Wo,:0, ),
which is a predictive density function when the observation wy
is missing. Use of the chain rule of probability yields

Po (Zk WlWoy0,) = Por (Welzi) Py (26Wo:0,) (30)

The first term on the right-hand side, py (wi|zx), is the PDF
of the observed scheduling variables given the states of the
hidden scheduling variables. The second term, py (zk|Wo,.0, ), s
the smoothing PDF that can be calculated through Eq. 29.
Since wy is missing, we can obtain an estimate of wi for a
given z; from the density function py (w|z). Therefore,
through Eq. 30, we can obtain the following particle approxi-
mations after resampling according to the procedure used in

Gopaluni'®!”
L

P92(2k7wk|Wa|:oh ~ Z Zk— Zk)é W]i) (31)

The joint PDF of the hidden scheduling variables pgy (z,
zk-1]Cobs) can be simplified as py (zt,2k-1/Wo,.0,). The
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following particle approximations after resampling can be

obtained'®
L

1< A
p(—)/ (Zk7 Zk—1 |W()]:0,,) ~ ZZ Z (3(Z[<_Zi)(5(2k—1 _2271) (32)
=1 j=1

Combining Eqs. 27-29, 31, and 32, we can determine the
Q-function in Eq. 26 as

L M, M;

0(0/0) Z > > logpe, (yilx)Prey (I = 7z}, Cons)

=1 1m =1 mg=1

L N

NI

I1=1 k=1

M;
Z log Pr,_ (I = 7|z}, T)Prey (Ix = |2k, Cons)

my=1

L

+ ZZ og po. (wez,)

1 L my
- log po. (Wi 7})

L= k=m,

L N
> logpu.(zlz)

1 /=1 k=1

_l’_
= —
Mh

I

1 L
+ Zzlogpo:(z(l))—l—Cz
=1
(33)

For the M-step shown in Eq. 16, derivatives of the Q-func-
tion are taken with respect to 0., o,, g, and 0,. The estimated
values of 0, o, and ¢ can be updated following the same
approach as in Chen et al.® For simplicity, we skip the detailed
derivations and only present the final results

L N
0, — ZI:] Zk:l Proy (I = |z}, Cons )

ZIL:I Zi\;l Pro (I = n\zi, Cobs)xLT,xk oY
(0 =
Z, IZk lZnu ) Z , Proy (Ix=mz}, Cons) (= 05x) " (4~ O xe)
POD SIS BUED S NTEE R
(35)
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N_ M, My
2 Z Z og Pro, (Iy = n|z,T)
=1 k=1 m=1 s=1
Pr@r(lk = R‘Zfﬂcobs)
S.t. Omin S On S Omax (36)

Since 0, cannot take a close form solution, an optimization
method is required. The mathematical formulation of the opti-
mization problem in searching for the optimal value of 6. can
be expressed as

max — ZZ log pg. wk|zk

my

Z Z log po. (Wh|zh)+

=1 k=0, =1 k=my 37
| L N | L (37
ZZZZIOgW (CAA) ZZIOgPOZ(Zé)
=1 j=1 k=1 =1

Summary of the proposed approach

The nonlinear system identification based on the multiple
model approach using the EM algorithm can be summarized
in the following steps:

1. Initialization: Set the initial value to ®'.

2. Particle smoother: According to the current state-space
model of the scheduling variables, apply the particle
smoother to determine the distribution of the schedul-
ing variables shown in Eq. 29.

3. E-step: According to Eq. 33, evaluate the approximate
QO-function through particle smoothers using current
parameter @’

4. M-step: Maximize the Q-function with respect to ©,
and then set @' = ©.

5. Iterate: Evaluate the relative change shown in Eq. 17,
and according to the predetermined tolerance, decide
whether to repeat steps 3 and 4 or terminate.

Simulations

In this section, a numerical example and a simulated high
purity distillation column example are presented to verify the
proposed method.

Numerical example with nonlinear dynamics of the
scheduling variables

The simulated nonlinear process model is given by’

K
G(s,z) = _KGz)
1(z1,22)s+1
K(z1,27) = 0.6+23+23
©(z1,22) = 3+0.523+0.52, (38)

In this simulated scenario, two scheduling variables are
interacted. The operating points are T' = [I, 2.25, 4] and
T? = [3, 1.5], respectively, and random excitation signals of a
small magnitude are added to input, and the output is cor-
rupted with white noise of variance of 1.

The scheduling variables are described as

2 =Azp_ [ (zi—1 +1)+Buj_ +y, (39a)
Wy = CZk+Vk (39b)

Tk 0 0
~N|o, (39¢c)

Vi 0 R
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where the true parameters are

0.1 02 08 03] 10
A*: , B*: , C*: ,
03 0.1 02 08] 0 1
001 0 0.1 0
Q= , R* =
0 00l L0 0.1

(40)

The main objective is to identify the nonlinear process
model (approximated by the combination of several local
ARX models), along with the parameter set 0, = [A, B, C] of
the state-space model of the scheduling variables from an
incomplete dataset, in which the observed scheduling vari-
ables have 10% missing data. The simulated data of the
input and scheduling variables are shown in Figures 2 and
3. A set of validation data are generated to verify the identi-
fied models, and the operating points of the scheduling var-
iables are =15, 2.5, 35 and T?>=[4, 1] for
validation data.

The proposed method is used to identify the nonlinear sys-
tem under investigation. To measure the quality of the identi-
fied model, the relative prediction error is used”®

Epr = YA =)

* 100% 41)
var(y)

where var denotes the variance of the random variable, y is the
estimated output, and y is the true output.

The parameter comparison results of the local model at
operation points 7y = 1 and T, = 3 are shown in Figure 4.
The results for the training and validation datasets are shown
in Figures 5 and 6, respectively. As the observed scheduling
variables are noisy and have missing data, we only show the
probabilities assigned to one local model. The relative errors
for the training and validation datasets are 11.95 and 17.95%,
and the mean square error (MSE) are 1.56 and 1.94, respec-
tively. Therefore, it is concluded that under various operating
conditions, the identified model can well capture the process
dynamics.

0 100 200 300 400 500

10
st
- °r
4 -
2
0 100 200 300 400 500

Iteration

Figure 4. The results for the training dataset with 10%
missing measurements (numerical example).

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

High purity distillation column with linear dynamics of
the scheduling variables

In the process industry, distillation is one of the most com-
mon unit operations. Here, we present the LV-configuration of
a distillation column yielding high purity products for a case
study. The boil-up (V) and reflux (L) are the input variables
manipulated to control the compositions of the bottom product
(xB) and the top product (yD). Furthermore, the feed flow rate
(F) is considered as the disturbance variable.'® Figure 7 shows
the schematic representation of the high purity distillation col-
umn.” The detailed dynamic equations of the distillation col-
umns can be found in Skogestad.'®

As the reflux ratio L/F is easily calculated and closely
related to the purity of the top product, we select the feed flow
rate F and the reflux ratio L/F as the scheduling variables, the
composition of the top product yD as the output variable, and
the reflux L and boil-up V as the two input variables.

The scheduling variables are described as

Zx = Az FBup_ (42a)

True output
Estimated output

i
4 o
| N |
28 ‘ J
. || ‘ I W
| 3 'y
-2t o Tl
—4f l
6}
0 50 100 150 200 250 300 350 400 450

Time

(a) Prediction performance of the identified nonlinear
model

t‘f'he distribution of each local model

Wi = CZk +Vk (42b)
V 0 0
“I~nfo, (42¢)
Vi 0 R
where z = [L/F,F]", and the true parameters are
0.02 0.01 0.08 0.02 1 0
A* = B = O = :
0.02 0.03 0.01 0.07 0 1
0.001 0 0.01 O
Q>'< = 5 R* e
0 0.001 0 0.01
43)

The proposed method is applied to estimate the nonlinear pro-
cess model, along with parameters of the state-space model of
the scheduling variables from incomplete datasets with different

(b) The probabilities assigned to one local model

Figure 6. The results for the validation dataset with 10% missing measurements (numerical example).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 7. Schematic diagram of the high purity distilla-
tion column under LV configuration.

degrees of incompleteness. The results have been compared for
cases in which 0, 10, 20, and 50% of the measurements of the
scheduling variables are missing. The step responses and
bode plots of the identified state-space models of the schedul-
ing variables are compared in Figures 8 and 9. For the case
with 10% missing measurements, the simulated data for the
input and the scheduling variables are shown in Figures 10
and 11.

The relative errors for the training and validation datasets are
9.42 and 16.09%, and the MSE are 2.36e-3 and 2.78e-3, respec-
tively. The graphic comparisons are shown in Figures 12 and 13.

To evaluate the true benefit of the proposed methodology, a
comparison against the approach proposed by Huang et al.” is
conducted. Because Huang et al. has not considered the miss-
ing data problem, in order to make a fair comparison, we con-
sider to identify a high purity distillation column without
missing data. In their study, the focus was on the nonlinear
system identification problem with two noise-free and uncor-
related scheduling variables, while our focus is on the nonlin-
ear system identification problem with multiple correlated and
hidden scheduling variables.

In the simulation example, the feed flow rate F and the
reflux ratio L/F are the scheduling variables, the composition
of the top product yD is the output variable, and the reflux L
and boil-up V are the two input variables, and the structure of
the weighting function is shown in Eq. 10. The unknown
parameters of the scheduling variables are estimated using pre-
diction error method. The relative error and the MSE for the
training dataset are 12.14% and 3.29e-3. Applying the pro-
posed approach from our work, the results are 8.87% and
2.16e-3. These results illustrate that our method is superior to
the conventional one, because it can provide more accurate
prediction and has smaller MSE and the relative prediction
error. When the process has missing data, our approach has
even more advantages.

The results of these simulation examples show that the pre-
dictions obtained from the models identified from either com-
plete or incomplete datasets can indeed track the true process
output for both linear and nonlinear dynamics of the schedul-
ing variables.

Step Response
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Figure 8. The step response of the state-space model of the scheduling variables (distillation column).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Bode Diagram
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Figure 9. The bode plot of the identified state-space model of the scheduling variables (distillation column).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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(b) The output data of the nonlinear process

Figure 10. The simulated data of the nonlinear process with 10% missing measurements (distillation column).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Experimental Study of the Multitank System

A nonlinear system identification experiment performed on
a pilot-scale multitank system is used to further illustrate the
effectiveness of the proposed approach. The pilot-scale system
is located in the Computer Process Control Laboratory in the
Department of Chemical and Materials Engineering at the
University of Alberta. A photograph of the experimental mul-
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titank system setup is shown in Figure 14 and the schematic
diagram is displayed in Figure 1.
The nonlinear model of the multitank system is illustrated
by Khatibisepehr and Huang'® and Deng and Huang*’
dH, 1 1

= g o DIH]

A ACOANACD) ()
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Figure 11. The input and observed data of the scheduling variables with 10% missing measurements (distillation column).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 12. The results for the training dataset with 10% missing measurements (distillation column).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 13. The results for the validation dataset with 10% missing measurements (distillation column).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 14. The experimental facility of the multitank
system in the laboratory.

[Color figure can be viewed in the online issue, which
is available at wileyonlinelibrary.com.]

dH» 1 1

—= D\H?' — ———D,H?? (44b)
di — By(H) " By(Hy) R

dH5 1 1

— = _DHP————D3H? (44c)
di — By(Hs) TP Ba(Hy) R

where H; is the fluid levels in the ith tanks, D; is resistance of
the output orifice of ith tank, ¢ is inflow to the upper tank, f; is

0.47 1

0.46 [

0.45 . k ' k
0 800 1000 1200 1400 1600 1800

Time

200 400 600

(a) The input data of the multitank system

Figure 15. The input-output data of the multitank system.

the cross sectional area of the ith tank, and o; is the flow coeffi-
cient for the ith tank, where i = 1, 2, 3.

In this experiment, the inflow ¢ is selected as the input, and
the second tank level H, as the output. Two controlled valves
V1 and V, are the two correlated scheduling variables operat-
ing at steady states, and small excitation signals are added to
the process. It is assumed that the two scheduling variables
cannot be measured directly, but they can be inferred from an
observation w, governed through the state-space model given

by Eq. 42, where z = [D; ,DQ]T, and the true parameters are

0.02 0.04 0.08 0.03 10
AT = , B* = , C" =
0.03 0.02 0.02 0.08 0 1
0.005 0
0" =0, R" =
0 0.005
(45)

In order not to over wear the equipment, we set Q* = 0.
White noise with variance of about 5% of the variations of the
noise free output is added to the measured output H,. The pro-
posed method is applied to estimate the model parameters
from various incomplete datasets in which 0, 10, 20, and 50%
of the measurements of the scheduling variables are missing.
For the case with 20% missing measurements, the observed
input-output data for the multitank system is plotted in Figure
15 and the observed data of the scheduling variables are
shown in Figure 16. The step responses and bode plots of the
identified models of the scheduling variables are compared in
Figures 17 and 18.

The relative errors for the training and validation datasets
are 11.73 and 15.96%, and the MSE are 0.2217 and 0.2839,
respectively. Furthermore, from Figures 19 and 20, it can be
observed that the predictions obtained by the identified nonlin-
ear process models are in a close agreement with the measured
outputs. The results have once again confirmed the effective-
ness of the proposed approach and demonstrated its practical-
ity for practical industrial applications.
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(b) The output data of the multitank system

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 16. The input and observed data of the scheduling variables of the multitank system (20% missing meas-

urements).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Conclusions

A multiple model approach under the EM algorithm has
been developed for identification of the nonlinear systems.
Multiple correlated and noisy scheduling variables were
modeled by a state-space model with unknown parameters.
The nonlinear dynamics of the underlying system was repre-
sented by concatenating among multiple local ARX models
identified in different process operating region. To obtain a

From: In(1)
0.1

complete representation of the nonlinear process, a normal-
ized weighting function was employed to evaluate the proba-
bility of the local models taking effect and then combine
them accordingly. The parameters of the local models, the
weighting functions, and the model of the scheduling varia-
bles were estimated simultaneously. Particle smoother was
applied to estimate the PDF of the hidden scheduling
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Figure 17. The step response of the state-space model of the scheduling variables.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Figure 18. The bode plot of the estimated state-space model of the scheduling variables.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Appendix A: Detailed Derivation of Eq. 19

as

Published on behalf of the AIChE

Using Eq. 8, the first term in Eq. 18b can be simplified as

po(iw|uin, win, T, v, Zow)

N
= HP@()’kb’l:k*l;MI:Nywl:NaTall:NaZO:N) (Ala)
i1
N
= [ e Gxlxe. 1) (Alb)
k=1
N
= [ 1 re, Oxlx) (Alc)
k=1

Using Eq. 13, the second term in Eq. 18b can be simplified
Pre (I1.n|urn, win, T Zo.n)
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N
= HPr@ (Il i1, ur:n s win, T, zon) (A2a)
k=1
N
= [[Pro |z, 1) (A2b)
k=1
N
= [ Proilz, T) (A2¢)

k

Using Eq. 5, the third term in Eq. 18b can be simplified as

po(Win|uin, T, Zow)

N
= HP@(Wk|W1;k717M1:N, T, zow) (A3a)
i1
N
= [[po(wilz) (A3b)
k=1
N
= [ po.(wilze) (A3c)
k=1

Using Egs. 3 and 4, the fourth term in Eq. 18b can be simpli-
fied as

po(zow|uin, T)

N
= HP@(ZHZI:/\»*],MI;N,T) “po(zoluin, T) (Ada)
k=1
N
=[] re(alz-1) - po(z0) (Adb)
k=1
N
= [ po.Czelze-1) - po.(z0) (Adc)

~
I

1

As the last term in Eq. 18b is independent of ®, we define

Ci =po(uin,T) (A5)

By substituting Eqgs. Alc, A2c, A3c, Adc, and AS into
Po(Cobs; Cmis) in Eq. 18a, we get Eq. 19.

Appendix B: Detailed Derivation of Eq. 20

As shown in Eq. 15, the E-step in the EM algorithm can be
compute as

0(0]0)
N
= Epgr (11N s20:8 Wiy g | Cobs) { 10g Hpglk (yk|xk)
k=1
N N (Bla)
+ log HPI‘O ([k ‘Zk7 T) + log prs (Wk ‘Zk)
k=1 k=1
N
+ log | [po. (zx[z4-1) + log po. (20) + log C }
k=1
. N
= J { log pe,, (klxe)
LN 20N Wiy ma \ k=1
N N
+Y logPro(Ix|ze, T)+ ) logpo. (wel|zi)
=1 ; (B1b)

N
+ " log po. (z|zi—1) + log po.(z0) + log €, }
k=1

Po' (I] N5 Z0:N s Wiy imy, Cobs)dZO:NdIl :NdWm1 My

Decompose the above equation, we get Eq. 20.

Appendix C: Detailed Derivation of Eq. 28

Given z;, Cgh and the current parameter estimates @', the
conditional probability of the /; = nth local model taking effect
at sampling time k can be stated as Prg (Ix = 7|z, yiv,
urn, .y, Wi, T), and it can be simplified as Pre (Ix = 7|z,
Y&, Xk, T). Using the Bayes’ rule, it can be derived as

Prg (Ix = mt|zk, i, Xk, T) =
P (2, i, X, Tk = m)Prey (Iy = m)
M
: "ZmFl per (2, yi, i, Tl = m)Prey (Ix = m)
(CH

M,

my=1

Due to the chain rule of probability, Eq. C1 can be further
expressed as

Pe Vil 2, T, Ik = m)Prey (I = m|xi, 2, T)pey (X, 2k, T)

>
mp=1

per (Vilxe, Ik = m)Prey (I = 7|z, T)

M,
'Z,,,lel’@’ (b, 20, T, I = m)Prey (Ie = 7l zi, T)pey (i, 24, T)

T M,
Zm::l "'Zm _, Per Ok, Ik = m)Prey (I = 7|z, T)

per (Velxi)Pro, (Ix = m|z., T)

(C2a)

"] M,
Zm::l '“ZmJ:lP@;()’kM)PVo; (I = m|z, T)
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Appendix D: Particle Smoother

If the observed hidden variable has a missing measurement at
time k (i.e., Wi € Wis With winis = Wy,,., ), the following filter equa-
tion is used recursively until an observation becomes available'’

pH;(Zklwol:gh) :JPHL(Zk|Zk—1)"' (Dl)

Dy (Zoh+l |Zoh )pOL (Zah |W01 0p )dzo,,:kfl

where o, is the last observation available up to time k. Now,
assume that the following approximation of the filter at time o,
is available

Zwo,,\oh Zoy=2h,) (D2)

Po. ZO/, |W01 Oh

where 6(-) is a dirac-delta function, L is the number of particles, and
z4 are chosen from an important sampling function py (z¢[We,0, )-

Substituting Eq. D2 into Eq. DI, the filter density at time k
can be approximated as

Pa. Zoh |W01 o;,

Zwuk z—2) (D3)

where !

ik is the filter weight given by

Py _ pe(wdz)

k\k =
E =1 Pe. (welz,)

(D4)

In Karlis,”' several efficient particle smoothing methods for
generalized state-space models have been proposed. In the
forward-backward smoother algorithm used in this article, the
smoothed density is factored as follows*

Py (zelwin) = J,De; (zk, Zrs1 Wi ) dzi41

= Jpo; (zrs1|win)pe (zi|zie 1, Wi ) dzi (D5a)
P (Zes1win)pg (Ziv1|2i)
= py (zk|wik J : . dzy (D5b)
o (zebwi) [po st |ze)pe (zelwia)dze

Unlike the forward recursion of the smoothing algorithm, the
backward recursion does not depend on the observations. There-
fore, missing observation weights of the filtering density are
used. Then, the smoother density shown in Eq. 29 can be calcu-
lated using the particle approximation and the weight of the
smoother density can be approximated recursively as'’

m l
Pe’,(zk 117)
wk|N = wk|k E :wk-%—l\N - (D6)
§ CU/\\kPG’ (2 112)

To avoid the degeneracy phenomenon, the resampling step is
necessary. The basic idea of resampling method is to eliminate
trajectories which have small weights and only concentrate on tra-
jectories with large weights. Several resampling approaches are
proposed in Douc et al.>* and the weight after resampling is 1 /L.

Again, the same procedure can be applied to Eqgs. 31 and 32.
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